Standard-Model Higgs bosons are dominantly produced via the gluon-fusion mechanism gg → H at the LHC, i.e. in a loop-mediated process with top loops providing the dominant contribution. For the measured Higgs boson mass of ∼ 125 GeV the limit of heavy top quarks provides a reliable approximation as long as the relative QCD corrections are scaled with the full mass-dependent LO cross section. In this limit the Higgs coupling to gluons can be described by an effective Lagrangian. The same approach can also be applied to the coupling of more than one Higgs boson to gluons. We will derive the effective Lagrangian for multi-Higgs couplings to gluons up to N 4 LO thus extending previous results for more than one Higgs boson. Moreover we discuss gluonic Higgs couplings up to NNLO, if several heavy quarks contribute.
Introduction
The discovery of a resonance with 125 GeV mass [1] that is compatible with the StandardModel (SM) Higgs boson [2] marked a milestone in particle physics. The existence of the Higgs boson is inherently related to the mechanism of spontaneous symmetry breaking [3] while preserving the full gauge symmetry and the renormalizability of the SM [4] . The dominant production process of the Higgs boson at the LHC is the loop-induced gluon-fusion process mediated by top-quark loops and to a lesser extent bottom-and charm-quark loops [5] . The QCD corrections are known up to N 3 LO in the limit of heavy top quarks [6, 7, 8] , while the full quark mass dependence is only known up to NLO [9, 10] . At NNLO subleading terms in the large top mass expansion [11] and leading contributions to the top+bottom interference [12] are known. The limit of heavy top quarks has also been adopted for threshold-resummed calculations [13, 14] , while the inclusion of finite quark-mass effects in the resummation has been considered recently [15] . It has been shown that the limit of heavy top quarks m 2 t ≫ M 2 H provides a reasonable approximation to the calculation of the gluon-fusion cross section with full mass dependence as long as the relative QCD corrections are scaled with the fully massive LO cross section [9, 13] . In the heavy-top-quark limit the calculation of the gluon-fusion cross section can be simplified by starting from an effective Lagrangian describing the Higgs coupling to gluons after integrating out the top contribution [16] . The same approach has also been applied to Higgs pair production via gluon fusion, gg → HH, at NLO [17] , NNLO [18, 19] as well as to threshold resummation up to NNLL [20] . It has been shown that finite mass effects amount to about 5% in the single Higgs case and 15% for Higgs boson pairs [21, 22] .
In this letter we will derive the effective Lagrangian for multi-Higgs couplings to gluons to N 4 LO for arbitrary numbers of external Higgs bosons thus extending previous work beyond the single-Higgs case. In Section 2 we will discuss and present the effective Lagrangian for the SM Higgs boson up to N 4 LO, while Section 3 will extend this analysis to an arbitrary number of heavy quarks contributing to the gluonic Higgs coupling up to NNLO. In Section 4 we will conclude.
Standard-Model Higgs Bosons
The starting point for the derivation of the effective Lagrangian in the heavy-top-quark limit is the low-energy limit of the top-quark contributions to the Wilson coefficient of the gluonic field-strength operatorĜ aµνĜa µν , whereĜ aµν denotes the (MS-subtracted) gluonic operator of colour-SU(3) in the low-energy limit with 6 active flavours 1 ,
The Wilson coefficient Π t denotes the gauge-invariant vacuum polarization function of the gluon that is determined by the top-quark contribution to the gluon self-energy and the two-point-function parts of the external vertices attached to the gluons. This boils down to the inverse top-quark contribution to the strong coupling constant so that Π t is related to the decoupling relation between the strong coupling constant in an (N F + 1)-and N F -flavour theory (N F = 5),
with the perturbative coefficients up to fourth order [23, 24, 25] 
where m t 2 (µ 2 R )) denotes the MS top mass at the renormalization scale µ R . The constants used in this expression are given by a n = Li n (1/2) and X 0 = 1.8088795462... . The decoupling coefficient contains one-particle-reducible contributions and the Wilson coefficient 1 The same ansatz has also been used in the derivation of the effective Hgg coupling in Refs. [13] .
of the Lagrangian Eq. (1) is obtained from the inverse,
with the perturbative coefficients up to fifth order 
where the logarithms of the coefficient C 5 have been reconstructed from the result of Ref. [25] including the recent five-loop result of the QCD beta function [26] (partly confirmed by [27] ). The constant C 50 is irrelevant for our derivation of the effective Lagrangian for gluonic Higgs couplings. Note that the highest powers of the logarithmic L t terms disappeared in this expression as required by the proper RG-evolution of the one-particle-irreducible part Π t . Using the low-energy theorem for a light Higgs boson [16] the effective top-quark contribution to the Lagrangian of Eq. (1) is related to the couplings of external Higgs bosons in the heavy-top-quark limit by the replacement
where H denotes the physical Higgs field, v the vacuum expectation value andΠ t the contribution to the Wilson coefficient with the shifted top-quark mass 3 . Based on this replacement it is obvious that only the logarithmic L t terms of Π t are relevant for the effective gluonic Higgs couplings. The objectΠ t is expressed in terms of the (N F + 1)-flavour coupling α
. To derive the low-energy Lagrangian in the N F -flavour theory we have to transform the (N F + 1)-flavour coupling into the N F -flavour one by means of the relation [23, 24, 25] 
derived from inverting Eq. (2) . For the proper low-energy limit the gluonic field-strength operator is expressed in terms of the one with N F = 5 active flavours which leads to a global factor ζ αs so that the kinetic term of the gluons is properly normalized in the low-energy limit 4 . In this way we arrive at the low-energy Lagrangian in terms of the top MS mass. The effective N 4 LO Lagrangian for (multi-)Higgs couplings to gluons reads 2 In the case of an extended Higgs sector with several scalar Higgs bosons coupling to the top quark the replacement m t (µ order in the gluon fields at the point where m t is either the unrenormalized or the pure MS mass [9] .
4 Diagrammatically this step corresponds to adding the external MS-renormalized self-energies and two-point-function contributions to the vertices involving top quarks at vanishing external momentum.
with the QCD corrections up to N 4 LO
The explicit perturbative coefficients are given by 
5 Note that the low-energy strong coupling constant with N F = 5 active flavours is used in this relation.
where the mass-dependent term involving the light flavours can be approximated by 
The explicit expansion of the Lagrangian of Eq. (8) in powers of the Higgs field results in
with the QCD corrections up to N 4 LO 
for up to five external Higgs bosons. It should be noted that the coefficients δ 1−4 of the single-Higgs term ∆ 1 agree with previous results up to N 4 LO [13, 24, 25, 29] , while the coefficient η 2 of the double-Higgs contribution ∆ 2 agrees with the explicit diagrammatic calculation of Ref. [19] .
Connecting our approach to derive the effective Lagrangian to the method of Refs. [24, 25] for the single-Higgs case we can easily derive their final relation,
log ζ αs (19) with g t = m t /v, ∂ mt = ∂/∂m t and C H denoting the full coefficient in front of the operator G aµν G a µν H. This expression agrees with Refs. [24, 25] . For the double-Higgs case we arrive at
mt ζ αs 2ζ αs (20) where C HH denotes the coefficient in front of the operator G aµν G a µν H 2 . A final comment addresses the removal of one-particle-reducible contributions in Eq. (4): this corresponds to the removal of one-particle-reducible diagrams of the type shown in Fig. 1 after attaching external Higgs bosons according to Eq. (6) . We have checked this correspondence explicitly for Higgs boson pair production in the heavy-top-quark limit at NLO [17] . 
Several Heavy Quarks
Starting from the expression of the effective single-Higgs coupling to gluons of Ref. [30] with N H heavy quarks contributing we can reconstruct the corresponding logarithmic parts of the function Π Q ,
with the perturbative coefficients up to third order
whereĜ aµν denotes the gluonic field-strength operator of colour-SU(3) in the low-energy limit with N F + N H active flavours. The logarithm is defined as
For the derivation of the effective Lagrangian for the gluonic Higgs coupling the constant C 30 is irrelevant. Performing the replacement
and decoupling the heavy quarks from the strong coupling constant α s by
s ) (25) and from the gluon-field-strength operator we arrive at the effective Lagrangian for the gluonic Higgs couplings up to NNLO
with the QCD corrections up to NNLO
The explicit perturbative coefficients read 
The result for δ 2 in the single-Higgs case agrees with the results of Refs. [30, 31] . The NNLO results for more than one external Higgs boson are new.
Conclusions
In this work we have derived effective (multi-)Higgs couplings to gluons after integrating out all heavy quarks mediating these couplings. The effective Lagrangians can be used for the computation of the production of one or several Higgs bosons in gluon fusion at hadron colliders in the limit of heavy quarks. In the SM we have extended the effective Lagrangian for double-Higgs couplings to gluons to N 4 LO and derived for the first time the N 4 LO Lagrangian for more than two SM Higgs bosons. In the second part we extended the analysis to the case of several heavy quarks coupling to the Higgs bosons up to NNLO. We reproduced the existing NNLO results for the single-Higgs case. We have derived these effective Lagrangians from their connection to the decoupling relations of the strong coupling constant.
